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Abstract
Fibonacci sequence
is defined by the recurrence relation
for all
with initial condition
. This sequence has been generalized in
many ways, some by preserving the initial conditions, and others by preserving the
recurrence relation. Two of the generalizations of the Fibonacci sequence are the class
of sequences
and
generated by the recurrence relation

and

with initial condition
and a, b are
positive integers. In this paper we obtain extended Binet’s formula for the sequences
and

.
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1. Introduction:
The Fibonacci sequence
named after Leonardo Pisano Fibonacci (1170−1250) is a
sequence of numbers, starting with the integer pair 0 and 1, where the value of each

element

is

calculated as the sum of the two preceding it. That is,
for all
. The first few terms of the Fibonacci sequence are
0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, 377, 610, 987, … . We refer the readers to
the book [1] for some basic background information and more details on the topic.
There are fundamentally two ways in which the Fibonacci sequence may be generalized;
namely, either by maintaining the recurrence relation but altering the first two terms of
the sequence from 0, 1 to arbitrary integers a, b or by preserving the first two terms of
the sequence but altering the recurrence relation. The two techniques can be combined,
but a change in the recurrence relation seems to lead to greater complexity in the
properties of the resulting sequence. Many papers concerning a variety of generalizations
of Fibonacci sequence have appeared in recent years. [2, 3].
Edson, Yayenie [4]
generalized this sequence in to new class of generalized sequence which depends on two
real parameters used in a recurrence relation. We define further generalizations of this
sequence and call it the generalized Fibonacci sequences.

Definition: For any two positive numbers a and b, the generalized Fibonacci sequence
and

are the class of sequences defined recursively by

and

.

with initial condition
The Fibonacci sequence is a special case of these sequences with
paper we derive the extended Binet’s formula for both

2. Extended Binet’s formula for

. In this
and

.

:

We first note down two results which can be proved easily.
Lemma 2.1: For any positive integer n, the following holds:
1)

.
.

We now obtain the value of two series related with
Lemma 2.2:

.

.

Proof: Let

.

Using Lemma 2.1 (1), we get

. This gives
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.
Lemma 2.3:

.

Proof: Let

.

Again using Lemma 2.1 (2), we get

.

Thus we have

.

We next derive the generating function for
Lemma 2.4: The generating function for

.
is given by

Proof: Define
.

(1)

After the rearrangement of terms, we get
.
Using Lemma 2.2 and Lemma 2.3 and on simplification we get the generating function
for

as

.

We are now all set to derive the extended Binet’s formula for

.

Theorem 2.5: The terms of the generalized Fibonacci sequence

are given by

.
where

,
and

with
.

Proof: Let and  be the roots of equation
This gives

. Also we have
.

Now by Lemma 2.4, we have
If we write

.
then by using the method of

partial fractions, we get
.
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(2)

But it is known that the Maclaurin’s expansion of

is given by
.

Then

and
.

Using these in (2) we get
.
Since

we get
.

But

and
and

. For brevity we write

. Thus we have
.

On defining

, if n is odd and

, if n is even we write

as

.

(3)

Finally by (1) and (3) we have
.

3. Extended Binet’s formula for

:

In this section we use the techniques similar to that used in the above section.
Lemma 3.1: For any positive integer n, the following holds:
1)

.
.

Here too we obtain the value of two series related with
Lemma 3.2:

.

.

Proof: Let
.
Using Lemma 3.1 (1), we get

, which gives
.
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Lemma 3.3:

.

Proof: Let
By using Lemma 3.1 (2), we get

.

Thus we get

.

We now derive the generating function for
Lemma 3.4: The generating function for

.
is given by

Proof: Define
. (4)
After the rearrangement of terms, we get

Using Lemma 3.2, 3.3 and on simplification we get the generating function for
as

.

We finally obtain the extended Binet’s formula for

.

Theorem 3.5: The terms of the generalized Fibonacci sequence

are given by
.

where

,
and

with
.

Proof: Let and  be the roots of equation
This gives

. Also we have
.

Using Lemma 3.4, we have
If we write

.
then by using the method of

partial fractions, we get
.

(5)

Now by using Maclaurin’s expansion we get
and
.
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Using these in (5) we get
.
Using

we get
.

Writing

and

, we have
.
.

This gives
.
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